Given the fact that American options are frequently traded on exchanges, pricing American options is very important. Due to the difficulty of dealing with the early-exercise feature, a closed-form formula 2 has not been found, and it seems unlikely that one will be found any time soon. In practice, the price of American options is often computed numerically by Cox, Ross and Rubinstein's (1979) binomial-tree method, by solving Black-Scholes (1973) partial differential equation with a moving boundary, or by solving an integral equation for the critical stock price 3 (see, e.g., Yu (1993) , and Huang, Subrahmanyam and Yu (1996) ). Even though these numerical methods are able to give accurate values, a good analytical approximate formula is still very useful and valuable for four reasons. First, the numerical computation could be time consuming. Second, an analytical formula can be used in case a computing engine is not available. Third, the detailed study of the critical stock price provides a methodology to study other moving boundary problems in finance, such as convertible bonds and real options with an early-exercise feature. Fourth, an analytical formula provides intuition of the relation between parameters. We focus on 2 In this paper, we differentiate between two concepts: a closed-form formula and an analytical formula. By a closed-form formula, we mean that the formula is written in an easily computable function such as power, exponential or logarithmical functions, or a special function such as cumulative normal distribution, Bessel or confluent hypergeometric functions, etc. But the concept of an analytical formula has a wider scope. It covers that of a closed-form formula and a summation or multiplication series of some known functions. 3 The critical stock price, the early-exercise boundary and the optimal exercise boundary have the same meaning. These terms are used interchangeably in this paper.
3 analytical approaches in this paper. Johnson (1983) proposes an analytical approximation for the American put price based on a regression on Parkinson's (1977) numerical values. The formula is generated based on numbers through a statistical method instead of on a rigorous analysis of the intrinsic nature of the problem. Geske and Johnson (1984) give an analytical expression by treating an American put as a portfolio of an infinite number of compound options. Evaluating the multivariate cumulative normal distribution function is a practical problem for this method. They propose using a four-point extrapolation method to evaluate American options approximately. MacMillan (1986) and Barone-Adesi and Whaley (1987) use quadratic approximation for American option prices and find the critical stock price numerically by iteration. Bunch and Johnson (1992) propose a modified two-point Geske-Johnson method. Broadie and Detemple (1996) derive lower and upper bounds for the American option price.
A comparison of the different methods is available in Broadie and Detemple (1996) and Ju It is by now well known that the price of American options can be written as the sum of the corresponding European option price and an integral in terms of its early-exercise boundary. The mathematical result appeared early in the literature by Kolodner (1956) and McKean (1965) . It has been restudied by Kim (1990) , Jacka (1991) , and Carr, Jarrow and Myneni (1992) to gain economic insights. The financial problem of pricing American options boils down to a mathematical problem of solving an integral equation with the critical stock price as an unknown function of time and other parameters. Ju (1998) approximates the early-exercise boundary as a piece-wise exponential function, obtains an analytical formula for the American option price, and then uses numerical iteration to determine a more accurate boundary. An analytical formula for the critical stock price
has not yet been found. Even for the leading-order expansion near expiration, Kuske and Keller (1998), Stamicar,Ševčovič and Chadam (1999) , and Bunch and Johnson (2000) give 4 American option pricing has also been studied numerically by Brennan and Schwartz (1977) with a finite-difference method, by Carr (1998) With the help of the critical-stock-price formula, one can price and hedge American options analytically. The third contribution is to test the validity of the formula. Compared with the highly accurate numerical values computed by solving the integral equation, our formulas up to the fourth-order term give very accurate prices with an accuracy up to 0.01 cent for the American options, with a one-month maturity and a strike price of 100 dollars, tested in this paper. With the error well controlled, our formula is now ready for traders to use in pricing OEX options, since most liquid OEX options have a maturity of about a month. The formula can also be used by the CBOE to compute the VXO volatility index since the index is defined as an implied volatility of the OEX options with one-month maturity.
2 The Model
For completeness, this section briefly reviews the Black-Merton-Scholes (1973) model of American option pricing. In a risk-neutral world, the price of an underlying stock, S t , is modelled by a lognormal process
where S 0 is the initial stock price, r is the risk-free rate, q is the continuous dividend yield, σ is the volatility of the underlying stock, w t is a standard Wiener process (Brownian motion). The three parameters r, q and σ are assumed to be constant.
The owner of an American put has a right to claim the difference between the strike price, K, and the stock price, S t , at any time, t, before maturity, T . Therefore, the
American put price has a lower bound of 
The first two equations, (2) and (3), can be combined to give
The backward inhomogeneous linear diffusion equation with the final condition (4) has the following solution:
6 where p E is the price of the corresponding European put option given by the Black-Scholes
where N (x), defined by
is the cumulative normal distribution function and
Equation (7) expresses the value of an American put as the sum of the value of a European put and the early-exercise premium. The early-exercise premium can be viewed as the value of a contingent claim that allows dividends paid by the stock, qSdt, to be exchanged for interest earned on the exercise price, rKdt, whenever the stock price is below the optimal exercise boundary. The expression for B p t is crucial when we evaluate the integration in equation (7) . We are unable to price an American put without a formula for the critical stock price. Applying equation (7) at the boundary, S = B P t , gives us a single integral equation
One may notice that B The owner of an American call has a right to claim the difference between the stock price, S t , and the strike price, K, at any time, t, before maturity, T . Therefore the American call price has a lower bound, C t ≥ max(S t − K, 0). Pricing an American call option also involves two steps. The first step is to determine the critical stock price, B 
The solution to the problem can be written in an integral form:
where c E is the price of the corresponding European call option given by the Black-Scholes 
This equation has the property: if q → 0, B c t → +∞, which leads to the well-known result that one should never exercise an American call if the underlying stock does not pay any dividend.
The analytical formula, (7) or (17), of the American option price was first introduced to the mathematics literature by Kolodner (1956) to study change of phase, and to the economics literature by McKean (1965) . It has been restudied by Kim (1990) , Jacka (1991), and Carr, Jarrow and Myneni (1992) to gain financial insights into the context of American option pricing. The American option pricing problem boils down to a mathematical problem of solving the integral equation, (11) Yu (1996) solve the optimal exercise boundary with a recursive numerical integration approach. Ju (1998) solves the problem by approximating 8 the early-exercise boundary as a multi-piece exponential function. We solve the problem with a perturbation method. Our target is to obtain an analytical formula for the critical stock price.
The Main Theorems
Our main results are summarized in the following two theorems. (7) where the critical stock price, B p t (r, q, σ, K, T ), is given as follows:
Theorem 1. The price of an American put option is given by the analytical formula
If r = q,
If r < q,
),
The proof of Theorem 1 is given in Appendix A. Theorem 2. The price of an American call option is given by the analytical formula (17) where the critical stock price, B c t (r, q, σ, K, T ), is given by the following duality relation:
or explicitly as follows:
The proof of Theorem 2 is given in Appendix B. A numerical test on the accuracy of the formulas must be performed in order to answer the question.
The Computation of Highly Accurate Numerical Values of the Critical Stock Price and the American Option Price
In order to test the accuracy of the present formulas, we need highly accurate numerical values as a benchmark. There are many different ways to compute the critical stock price and the American option price numerically. The most popular ones include the binomialtree method, the PDE method and the integral-equation approach. We adopt the integralequation approach in this paper because it computes the critical stock price directly.
Highly accurate numerical values of the critical stock price of an American put can be computed by solving the integral equation (11) 
T −n∆t can be found by solving
We have solved
With all the information on the boundary, we can price the American put at time t = T −n∆t by computing the integration formula (7) numerically, i.e.,
The numerical results are presented in Tables 1 and 2. Table 1 With the highly accurate numerical values computed, we are now able to test the accuracy of the present formulas with certain truncated terms.
Numerical Test on the Accuracy of the Present Formulas
Since the American call and put have a duality relationship, we only need to test the formulas for the American put. The conclusion on the accuracy of the American put price automatically applies to that of the American call price.
We have done many numerical tests for different values of parameters (r, q). We find out that the American option price errors are quite stable in each region of r > q ≥ 0, r = q and r < q. We now present one typical case in each region to illustrate the errors.
The results for r > q ≥ 0 are presented in Tables 3 and 4. Table 3 is the critical stock price as a function of the time to maturity from one week up to four months. The first column shows the highly accurate numerical values computed from the integral equation.
The other four columns are computed by using the present analytical formulas with one, two, three and four truncated terms. The convergency of the series becomes an issue.
Intuitively the series for u(ξ) converges for large |ξ|. Based on the numerical values in Table 3 , the series converges for small T − t, e.g., T − t = 1/12, which corresponds to ξ = −1.42213. It does not converge for large T − t, e.g., T − t = 1/3, which corresponds to ξ = −0.72898. The condition of convergency is under investigation. Table 4 The results for r = q are presented in Tables 5 and 6 . The series of the critical stock price in Table 5 converges for small T − t, but not for large T − t. But the convergency is slightly better than that for the case of r > q in Table 3 , because of the fact that the singularity near expiration in this case is weaker than that in the last case. The accuracy of the American option price in Table 6 is also better than that for the case r > q in Table   4 . For example, the formula with the first four terms gives a price with an error of 0.03 cent. This corresponds to OEX options with an error of 0.1 cent.
The results for r < q are presented in Tables 7 and 8 . The critical stock price in Table   7 computed with the present formulas converges to a value that is different from the highly accurate numerical value. We are still investigating why there is such a difference. The American option prices in Table 8 are almost identical to the highly accurate numerical values. The error, even with only the first term, is only 0.01 cent, which corresponds to 0.04 cent for OEX options. The accuracy of the formula in this case is the best of the three cases due to its weak singularity near expiration. Our results suggest that the formula in this case has the potential to price American options with longer maturities. A more comprehensive test will be reported in a subsequent study on developing an analytical formula for the critical stock price of a long-term American option.
The solutions obtained for the regions r > q ≥ 0, r = q and r < q are totally different.
To further test the continuity of three formulas (19) , (20) and (21) in Theorem 1 near the neighborhood of |r − q| 1, we present the results of (r, q) = (0.05, 0.0499), (r, q) = (0.05, 0.05) and (r, q) = (0.05, 0.0501) in Table 9 . The computed American option prices are indeed very close with three different critical-stock-price formulas. The relative difference is smaller than 0.3%. The accuracy is good enough for the application of pricing OEX options.
Our study shows that further research is required to enhance the convergency and accuracy of the series for the critical stock price. The key is to find some other ways to expand the two functions u(ξ) and v(η), so that the series converge for large value of T − t.
14 This is a problem for further research. 
, to equations (2, 3, 4, 5) yields
where
For simplicity of notation, from now on, we drop the star in variables t * , r * and q * while keeping in mind that they denote the dimensionless time to maturity, interest rate and dividend yield. We denote by L the operator
and by Γ(x, t) the fundamental solution to the operator ∂ t − L, more precisely
Applying Green's identity to equation (23) gives us a formula for the American put option price, p(x, t), in terms of the free boundary s(t), (26) where the first term gives the Black-Scholes formula for the European put and the second term is the early-exercise premium. The double integration in the second term can not be carried out without knowledge of the free boundary. The formula is equivalent to equation (7) presented in the paper.
In order to solve the free boundary analytically, we need an equation for the boundary only. We now construct a few such equations. Since Γ(·, 0) is the Delta function centered at the origin, using
and integrating by parts, we have the following equality:
Substituting the identity into (26) gives us the following option pricing formula for x ∈ R and t > 0:
where the first term is the intrinsic value of the American put and the second term is its time value. If the second term is zero, the American put should be exercised immediately.
Differentiating (28) with respect to t yields
Differentiating (28) with respect to x and t yields
At the free boundary, p(x, t) and p x (x, t) are continuous. In fact,
Taking total differentiation of (31) and (32) with respect to t at the boundary yieldṡ
Substituting equation (32) into (33) gives
Taking the limit x → s + (t) of the first equation in (23) gives
Substituting equation (36) into (34) gives
Applying the two equations (29, 30) at the free boundary, x = s + (t), and using the two conditions in equations (35) and (37), we have
(r − qe
In taking the limit for p xt , we need the following fact (see, e.g., Cannon 1984 
adding equations (39) and (38) multiplied by [
This is the integro-differential equation that we use to solve for the free boundary, s(t).
The equation for the special case without a dividend, i.e., q = 0, was derived and used by 
by assuming τ = 
), and
The problem becomes similar to the case without dividends that has been studied by Chen and Chadam (2007) . By starting with u = −ξ and successively replacing u on the righthand side of (45) by its previous expansion, we obtain the asymptotic expansion for u(ξ) near t = 0:
The key here is that the right-hand side of (45) produces a unique n + 1 st order expansion, if an n th order expansion of u is given, because of the denominator 2u.
A.2 Case 2: r = q
In this case, r = q, s(0) = 0, equation (40) becomes
Setting
20 by assuming τ = 2zt 1+z
, we transform equation (48) into the new variables (v, η),
In the same way as in Case 1, we solve (51) by starting with v = −η and successively replacing v on the right-hand side by its previous expansion. We then obtain the asymptotic expansion for v(η) near t = 0:
A.3 Case 3: r < q
In this case, s(0) = ln r − ln q < 0, equation (40) becomes
where s(t) = s(0) +s(t). We adopt the following singular perturbation scheme for small t:
Since, for any fixed ∈ (0, 1)
we obtain from (53) the asymptotic expansion for w( 
B Proof of Theorem 2
The price of an American call option, C(S, t), satisfies the PDE, boundary conditions and final conditions in equations (12, 13, 14, 15, 16) . By applying the transformation
we convert the problem of pricing an American call to a problem of pricing an American put with the same strike price but with a new interest rate,r = q, and a new dividend yield,q = r, i.e.,
With the solution of the critical stock price, B p t (q, r, σ, K, T ), of an American put given by Theorem 1, we can obtain the critical stock price for an American call by
.
22
Note. The duality relation
is also called put-call symmetry. It was first discovered by Grabbe (1983) in the case of foreign-exchange options, where it has a natural interpretation. Building on the earlier work of Grabbe (1983) , Schroder (1990, 1998) recognized the relationship for American options in the binomial model. A review is offered by Carr and Chesney (1996) . To the best of our knowledge, a clear proof in the PDE framework has not been offered before in the literature.
C Equations for
The equation to determine β 0 is −2β
The equation to determine β 1 is Table 1 . 
Parameters: r = 0.05, q = 0 and σ = 0.3 Table 4 : The price, P (S, t), of an American put option with a strike price K = 100 at time t -Accuracy of the present truncated analytical formulas for the case r > q.
Parameters: r = 0.05, q = 0 and τ . The "Highly Accurate" value is obtained by numerically computing the integration with the highly accurate critical stock prices presented in Table 3 . RMSE is the root of the mean squared errors. MAE is the maximum absolute error. 32 82.3911 Table 6 : The price, P (S, t), of an American put option with a strike price K = 100 at time t -Accuracy of the present truncated analytical formulas for the case r = q. TA1  TA2  TA3  TA4Table 9 : The price, P (S, t), of an American put option with a strike price K = 100 at time t -A comparison between three formulas (19) , (20) and (21) The "Highly Accurate" value is obtained by numerically computing the integration with the highly accurate critical stock prices presented in Table 5 for q = 0.05. The "Formula1" value is obtained by using formula (19) for the region r > q ≥ 0 with q = 0.0499. The "Formula2" value is obtained by using formula (20) for the region r = q with q = 0.05. The "Formula3" value is obtained by using formula (21) for the region r < q with q = 0.0501.
P (S, t) = Ke

